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ON THE NUMBER OF N-FREE ELEMENTS WITH PRESCRIBED TRACE
ALEKSANDR TUXANIDY AND QIANGWANG
ABSTRACT. In this paperwe derive a formula for the number ofN -free elements over a finite field
Fq with prescribed trace, in particular trace zero, in terms of Gaussian periods. As a consequence,
we derive a simple explicit formula for the number of primitive elements, in quartic extensions
of Mersenne prime fields, having absolute trace zero. We also give a simple formula in the case
when Q = (qm− 1)/(q− 1) is prime. More generally, for a positive integer N whose prime factors
divide Q and satisfy the so called semi-primitive condition, we give an explicit formula for the
number of N -free elements with arbitrary trace. In addition we show that if all the prime factors
of q − 1 dividem, then the number of primitive elements in Fqm , with prescribed non-zero trace,
is uniformly distributed. Finally we explore the related number, Pq,m,N (c), of elements in Fqm
with multiplicative order N and having trace c ∈ Fq. Let N | qm − 1 such that LQ | N , where LQ
is the largest factor of qm − 1with the same radical as that of Q. We show there exists an element
in F∗qm of (large) order N with trace 0 if and only if m 6= 2 and (q,m) 6= (4, 3). Moreover we
derive an explicit formula for the number of elements in Fp4 with the corresponding large order
LQ = 2(p+ 1)(p
2 + 1) and having absolute trace zero, where p is a Mersenne prime.
1. INTRODUCTION
Let q be the power of a prime number p and let Fq be a finite field with q elements. In 1992,
Hansen andMullen [10] conjectured that, except for very few exceptions, there exist irreducible
and primitive polynomials of degree m over Fq with any prescribed coefficient respectively.
This led to a great deal of work in the area, and both of these conjectures have since been
resolved in the affirmative (see [18, 9] for irreducibles, as well as see the survey in [5] and [7]
for primitives).
Particular interest has also been placed in deriving explicit formulas for the exact number of
irreducible polynomials of degree m over Fq with one or more prescribed coefficients (see for
example [3, 11, 12, 13, 19] and the survey [5] or Section 3.5 by S. D. Cohen in the Handbook of
finite fields [16]). Here it is worth mentioning the following beautiful formula due to Carlitz
[3] describing the number of monic irreducible polynomials of degree m with a prescribed
trace coefficient (the coefficient of xm−1). Let Iq,m(c) denote the number of monic irreducible
polynomials of degreem over Fq with trace c. Let µ be the Mo¨bius function.
Theorem 1.1 (Carlitz (1952)). Let q be a power of a prime p and let m ∈ N. Then for any non-zero
element c ∈ Fq \ {0}, the number of monic irreducible polynomials of degreem over Fq and with trace c
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is given by
Iq,m(c 6= 0) = 1
qm
∑
d|m
p∤d
µ(d)qm/d =
Iq,m − Iq,m(0)
q − 1 ,
where
Iq,m =
1
m
∑
d|m
µ(d)qm/d
is the number of irreducible polynomials of degreem over Fq.
Note that
(1) Iq,m(c) =
Iq,m − Iq,m(0)
q − 1 ,
is a constant for any c ∈ F∗q , and so Iq,m(c) is said to be uniformly distributed for c ∈ F∗q . One of
the results of this paper concerns an analogy to (1) for primitive polynomials in some special
cases. We will return to this concept later.
A monic irreducible polynomial of degree m over Fq is called primitive if it has a primitive
element of Fqm as one of its roots. There is a correspondence between the primitive elements
in Fqm and the primitive polynomials of degree m over Fq. In fact the number of primitive
elements in Fqm ism times the number of primitive polynomials of degreem over Fq. In the case
of the primitive polynomials of degree m, or equivalently of primitive elements in Fqm , things
are more complicated. Most of the work on primitive polynomials with prescribed coefficients
focus on the asymptotic analysis for their number and existence. For example, the following
existence result was first due to Cohen (see also [6] for a more self-contained proof). Denote
with TrFqm/Fq the trace function from Fqm onto Fq.
Theorem 1.2 (Cohen (1990)). Let q be a power of a prime andm > 1 be a positive integer, and let c be
an arbitrary element in Fq. If m = 2 or (q,m) = (4, 3), further assume that c 6= 0. Then there exists a
primitive element ξ of Fqm with TrFqm/Fq(ξ) = c.
One can see Section 4.2 by S. D. Cohen and the references therein, in the Handbook of Finite
Fields [16]. In fact, except for the trivial cases and those when all the primitive polynomials of
degreem are all the irreducibles of degreem (i.e., when q = 2 andm = ℓwith 2ℓ−1 a (Mersenne)
prime) no explicit formulas are known to date. In particular an analogue, for primitives, to the
formula (1) due to Carlitz is unknown, including in any specific non-trivial case of q,m. The
results of this paper are written in terms of the primitive elements in Fqm ; so we follow this
convention from now on. Let Pq,m be the number of primitive elements in Fqm . It is known that
Pq,m = φ(q
m − 1), where φ is the Euler function. For c ∈ Fq, let Pq,m(c) denote the number of
primitive elements in Fqm with trace c. Then as a corollary of Theorem 1.11 of this paper, the
following result (analogous to (1)) is proved. For a positive integer n, let us denote with Rad(n)
the product of all the distinct prime factors of n. By convention Rad(1) = 1.
Corollary of Theorem 1.11 Let q be a prime power and m be a multiple of Rad(q − 1). Then,
for c 6= 0, we have
Pq,m(c) =
Pq,m − Pq,m(0)
q − 1 ,
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Although the formula above corresponds to primitive elements and hence primitive poly-
nomials, we will however consider, in the sections that follow, the more general concept of an
element of Fqm being N-free, for a positive divisor N of q
m − 1. Let us first fix the following
notations and definitions.
Notations: In what follows we let q = ps be a power of a prime number p, m be a positive
integer, Q = (qm − 1)/(q − 1), and α be a primitive element of Fqm . For a positive divisor N
of qm − 1, we say that a non-zero element ξ ∈ F∗qm is N-free if, for any d | N , ξ = γd, γ ∈ Fqm ,
implies d = 1. Equivalently, ξ is N-free if and only if ξ = αk for some integer k that is coprime
to N . Note that the definition of N-free is independent of the choice of the primitive element α.
Furthermore, for an element c ∈ Fq, we denote with Zq,m,N(c) the number of N-free elements ξ
in F∗qm such that TrFqm/Fq(ξ) = c. Moreover we let Pq,m,N(c) be the number of non-zero elements
ζ in F∗qm with multiplicative order N and satisfying TrFqm/Fq(ζ) = c. In particular we note that
Zq,m,qm−1(c) = Pq,m,qm−1(c) = Pq,m(c)
is the number of primitive elements ξ in Fqm such that TrFqm/Fq(ξ) = c. For an integer k and
N | qm − 1, denote
∆k(N) :=
∑
d|N
µ(d)η
(d,qm)
k ,
where in the sum η
(d,qm)
k is the k-th Gaussian period of type (d, q
m) (we refer the reader to
Section 2 for its definition). Note that the value of ∆k(N) depends only on the square-free part
of N .
Previously Cohen and Pres˘ern [6] derived a formula for Zq,m,N(c) in terms of Gaussian sums
(see Lemma 2.2 there). From this they were able to obtain lower bounds, through various
assisting sieving inequalities, thus proving Theorem 1.2 in a more self-contained fashion than
previously done in [4]. However as it was perhaps beyond the scope of their work, and except
for their Corollary 2.3 where they give an explicit formula for Zq,m,N(c) in a few special cases of
Corollary 1.8 and Corollary 1.12 below, their results were mainly constrained to lower bounds
and existence results. It is interesting to note that in the case of trace zero, as they showed in
their Lemma 2.1, there is the connection between primitives with trace zero andQ-free elements
with trace zero: Zq,m,qm−1(0) = Θ(K)Zq,m,Q(0). HereK is the part of qm−1 that is coprime to Q,
and Θ(K) = φ(K)/K is the proportion of primitive K-th roots of unity among the K-th roots.
But more generally, as we show here thorough our calculations, a lemma due to Ding and Yang
[8] (see Lemma 2.1 here) implies that something similar holds in general for any divisor N of
qm−1: Zq,m,N(0) = Θ(K)Zq,m,gcd(Q,N)(0), whereK is now the part of N that is coprime to Q. See
the following theorem, proved later in Section 4.1.
Theorem 1.3. Let q be a power of a prime and m be a positive integer. Let N | qm − 1 and KQ be the
largest divisor of N that is coprime to Q = (qm − 1)/(q − 1). Then
Zq,m,N(0) =
(q − 1)φ(KQ)
qKQ
(
Q
gcd(Q,N)
φ(gcd(Q,N)) + ∆0(gcd(Q,N))
)
.
Note that obtaining the value of Zq,m,N(0) boils down to computing ∆0(gcd(Q,N)). Since
Gaussian sums and hence periods are known in only very few cases, obtaining images of ∆0
may be quite hard in general. But by using known results on periods we can clearly obtain
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some explicit expressions. For instance we obtain the following two direct consequences when
gcd(Q,N) = 1.
Corollary 1.4. Let q be a power of a prime, let m ∈ N and let N | q − 1 such that N is coprime to
(qm − 1)/(q − 1). Then the number of N-free elements ξ ∈ Fqm with TrFqm/Fq(ξ) = 0 is given by
Zq,m,N(0) =
φ(N)
N
(
qm−1 − 1) .
Setting N = 1 above one obtains the well-known number, qm−1 − 1, of non-zero elements
lying in the kernel of the trace map.
Corollary 1.5. Let q be a power of a prime p and assume that Q = (qℓ − 1)/(q − 1) is prime for some
prime ℓ. Then the number of primitive elements ξ ∈ Fqℓ satisfying TrFqℓ/Fq(ξ) = 0 is given by
Zq,ℓ,qℓ−1(0) =
{
φ(qℓ − 1)/q if ℓ 6= p;
φ(qℓ − 1)/q − φ(q − 1) otherwise.
Since quadratic and cubic Gaussian periods are known as well, we also immediately obtain
Corollaries 1.6 and 1.7. These two correspond to the cases when gcd(Q,N) is a power of 2 and
3, respectively.
Corollary 1.6. Let q = ps, Q = (qm − 1)/(q − 1), N | qm − 1 such that gcd(Q,N) = 2n for some
n ≥ 1, and KQ be the largest odd divisor of N . Then
2qKQ
(q − 1)φ(KQ)Zq,m,N(0) =
{
Q− 1 + (−1)smqm/2 if p ≡ 1 (mod 4);
Q− 1 + (−√−1)sm qm/2 if p ≡ 3 (mod 4).
Corollary 1.7. Let p ≡ 1 (mod 3), let q = ps, Q = (qm − 1)/(q − 1), N | qm − 1 such that
gcd(N,Q) = 3n for some n ≥ 1, and KQ be the largest divisor of N with 3 ∤ KQ. Let c ∈ Z with c ≡ 1
(mod 3) and p ∤ c be a solution to the equation 4qm/3 = c2 + 27d2 with d ∈ Z. Then
Zq,m,N(0) =
(q − 1)φ(KQ)
qKQ
(
2Q− 2− cqm/3
3
)
.
Thanks in part to well-known explicit expressions for the Gaussian periods in the so called
semi-primitive case (see Lemma 2.6), we obtain the following result.
Corollary 1.8. Let sm be even withm > 1, q = ps be a power of a prime p, and Q = (qm − 1)/(q− 1).
Let N | qm − 1 be such that n := gcd(Q,N) > 1 is not a power of 2. Further assume there exists a
positive integer j such that pj ≡ −1 (mod ℓ) for every prime divisor ℓ ≥ 3 of n, and that j is the least
such. Define γ = sm/2j. Let KQ be the part of N that is coprime to Q. Let η
(2,qm)
0 be as in Lemma 2.4.
Then the number of N-free elements ξ ∈ Fqm with TrFqm/Fq(ξ) = 0 is given by
Zq,m,N(0) =
(q − 1)φ(KQ)
qKQ
(
Q
n
φ(n) + ∆0(n)
)
,
where the value of∆0(n) is given in what follows.
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(a) If γ and p are odd, n is even and (pj + 1)/2 is odd, then
∆0(n) = −η(2,q
m)
0 −
(
1 + qm/2
)(1
2
+
φ (n)
n
)
.
(b) In all other cases,
∆0(n) = −ǫ2 ·
(
(−1)γqm/2 + 1
2
+ η
(2,qm)
0
)
+
(−1)γqm/2 − 1
n
φ(n),
where
ǫ2 =
{
1 if n is even;
0 otherwise.
It is a simple matter to show that in the case of quadratic extensions (m = 2) no primitive
element of Fq2 with trace zero, in Fq, exists. In fact, this case falls under the more general cate-
gory below of Proposition 1.9, for which we are able to, in this paper, obtain the corresponding
formula for the zero trace.
Proposition 1.9. Let q = ps be a power of a prime number p and let m > 1 be an integer. Then there
exists a positive integer j such that
pj ≡ −1 (mod Rad
(
qm − 1
q − 1
)
)
if and only if m = 2, or q = p is a Mersenne prime and m = 4. The latter case holds precisely for every
j = 2k with k ≥ 1 odd.
Recall that a Mersenne prime Mℓ is of the form Mℓ = 2
ℓ − 1 for some prime ℓ. Usually the
world’s record of the largest prime is broken by a Mersenne prime, and, although only 48 such
primes have been discovered thus far (see the Great Internet Mersenne Prime Search (GIMPS)
available online) it is a well-known conjecture that there exist infinitely many of them. They
appear in various areas of number theory and finite fields, including in the Great Trinomial
Hunt [2], an ongoing project for the search of primitive trinomials (i.e., primitive polynomials
with exactly three non-zero terms) over F2 with degree the “exponent” ℓ of a Mersenne prime
Mℓ.
We obtain the following simple formula for the number of primitive elements, with absolute
trace zero, in quartic extensions of Mersenne prime fields.
Corollary 1.10. Let p be a Mersenne prime. Then the number of primitive elements ξ in Fp4 satisfying
TrFp4/Fp(ξ) = 0 is given by
1
p
(
φ
(
p4 − 1)− φ(p4 − 1
p+ 1
))
.
In Section 5 we finally return to the concept of uniformity, already met in Theorem 1.1, now
for N-free elements; in particular, for primitive elements. Although it is easy to find examples
of q,m,N for which Zq,m,N(c) does not behave uniformly for c ∈ F∗q (and indeed, when N =
qm − 1 is fixed as well) it is of special interest to find and classify instances of q,m,N for which
Zq,m,N(c 6= 0) does. One of the obvious reasons being that, in this case, in order to obtain
the number of N-free elements with a prescribed non-zero trace, it would be enough to find
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the corresponding number for the zero trace. The following theorem gives a sufficient criteria
for this to happen, but we ask the interested able reader to characterize all such instances of
q,m,N .
Theorem 1.11. Let q be a power of a prime and N be a positive divisor of qm− 1. If every prime divisor
ofN dividesQ = (qm− 1)/(q− 1), then, for every element c ∈ Fq \ {0}, the number of N-free elements
ξ ∈ Fqm satisfying TrFqm/Fq(ξ) = c is given by
Zq,m,N(c 6= 0) =
qm−1
N
φ(N)− Zq,m,N(0)
q − 1 .
In particular, setting N = qm − 1, we obtain that Zq,m,qm−1(c) is a constant independent of
c ∈ F∗q whenever the radical (the product of all the distinct prime divisors) of Q is the same as
that of qm−1. This occurs exactly when all the prime factors of q−1 dividem; see Corollary 5.3
for this. Thus we obtain the following immediate consequence to Theorem 1.11 and Corollary
1.8.
Corollary 1.12. Assume that q, r, N, satisfy the assumptions of Corollary 1.8 and further assume that
Rad(N) | Q. Let η(2,qm)0 be as in Lemma 2.4. Then for any non-zero c ∈ F∗q , the number of N-free
elements ξ ∈ Fqm with TrFqm/Fq(ξ) = c is given in what follows.
(a) If γ and p are odd, N is even and (pj + 1)/2 is odd, then
Zq,m,N(c 6= 0) = 1
q
(
η
(2,qm)
0 +
(
1 + qm/2
)(1
2
+
φ(N)
N
)
+ φ(N)
(
qQ
N
− 1
))
.
(b) In all other cases,
Zq,m,N(c 6= 0) = φ(N)
qN
(
qm + (−1)γ+1qm/2 + qQ−N + ǫ2 ·
(
(−1)γqm/2 + 1
2
+ η
(2,qm)
0
))
,
where
ǫ2 =
{
1 if N is even;
0 otherwise.
As a consequence of Theorem 1.11 one obtains the following interesting property of the sum
∆0(N) for N | qm − 1 such that Rad(N) | Q = (qm − 1)/(q − 1). It is the constant difference
between the number ofN-free elements with zero and non-zero traces in Ft, for any subfield Ft
of Fq.
Corollary 1.13. Let N | qm − 1 such that every prime divisor of N divides (qm − 1)/(q − 1). Then for
every subfield Ft of Fq and every ct ∈ F∗t , we have
∆0(N) = Zt,m[Fq:Ft],N(0)− Zt,m[Fq:Ft],N(ct 6= 0).
Furthermore, if t 6= q, then
∆0(N) =
qZq,m,N(0)− tZt,m[Fq:Ft],N(0)
q − t .
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Although the paper is primarily concerned with the number Zq,m,N(c), we briefly consider in
Section 6 the seemingly closely related number, Pq,m,N(c), of elements with order N having a
prescribed trace c. There we derive a general formula for Pq,m,N(c) (see Lemma 6.3) and show
its relation to Zq,m,N(c) as well as Hamming weights of specific codewords in irreducible cyclic
codes. Let LQ be the largest divisor of q
m − 1 with the same radical as that of Q. We also show,
in Lemma 6.3, that if N | qm − 1 is such that LQ | N , then the following simple relation holds:
Zq,m,N(0) =
qm−1
N
Pq,m,N(0). We believe it should not be too difficult to generalize this even
further for arbitrary N , but we leave this to the interested reader. As a consequence of this and
of Cohen’s result (see Theorem 1.2 above) we show in Theorem 6.4 that there exists an element
in F∗qm of order N (with LQ | N) having trace 0 if and only if m 6= 2 and (q,m) 6= (4, 3). In
addition Lemma 6.3 together with Corollary 1.3 yields, in Theorem 6.5, an explicit expression
for the number of elements of order 2(p + 1)(p2 + 1), in quartic extensions of Mersenne prime
fields Fp, having absolute trace zero.
The rest of the paper goes as follows. In Section 2 we go over some preliminary concepts
which will be of use in further sections. In Section 3 we derive a formula for Zq,m,N(c) in terms
of Gaussian periods (see Lemma 3.4). In Section 4 we specifically consider the case of the zero
trace and simplify our formula, in Subsection 4.1, with the use of a lemma due to Ding and Yang
[8]. Then in Subsection 4.2 we prove Corollaries 1.8 and 1.10. In Section 5 we give a sufficient
criteria for uniformity to occur (see Theorem 1.11), as well as some other related results. Then in
Section 6 we focus our attention to the number Pq,m,N(c) and give some other related results. In
particular, we obtain that the number of non-zero elements in F∗p4 with the corresponding large
order 2(p+1)(p2+1) and having absolute trace zero is 2φ(p2+1), where p is a Mersenne prime
(see Theorem 6.5). Finally in Appendix we include a table of data corresponding to Corollary
1.10, giving the number of primitive elements in quartic extensions of Mersenne prime fields,
with absolute trace zero, for the first ten Mersenne primes.
2. PRELIMINARIES
In this section we go over some preliminary concepts which will be of use in further sec-
tions. As before, we let q = ps be a power of a prime number p, let Fq be the finite field
with q elements and Fqm be the degree-m extension of Fq. The following concepts and defi-
nitions are well-known and may be found for example in Chapter 5 of [14] and in [8]. Now
let χq, χqm , be the canonical additive characters of Fq,Fqm , respectively, defined by χq(x) =
e2π
√−1TrFq/Fp(x)/p for x ∈ Fq, and χqm = χq ◦ TrFqm/Fq . By the transitivity of the trace function,
χqm(z) = e
2π
√−1TrFqm/Fp(z)/p for z ∈ Fqm . Denote with χ(q
m)
a the additive character of Fqm cor-
responding to a ∈ Fqm ; that is χ(q
m)
a (z) = χqm(az) for any z ∈ Fqm . Clearly χ(q
m)
1 = χqm . The
following orthogonality relation will be of use.
(2)
∑
a∈Fq
χq(ax) =
{
q if x = 0;
0 if x ∈ F∗q.
Let α be a primitive element of Fqm . For a divisor N of q
m − 1, let ψN be a multiplicative
character of Fqm of order N . That is, ψN is defined by ψN (α
v) = e2π
√−1jv/N for some integer j
that is coprime to N .
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The Gaussian sums of order N are given by
Gqm
(
ψN , χ
(qm)
a
)
=
∑
β∈F∗
qm
ψN (β)χqm(aβ).
We denote Gqm(ψN) := Gqm(ψN , χqm). Note that if a 6= 0, then Gqm(ψN , χ(q
m)
a ) = ψN (a)Gqm(ψN )
(Theorem 5.12 (i), [14]).
For N | qm − 1, the cyclotomic classes of F∗qm of type (N, qm) are defined by C(N,q
m)
k = α
k
〈
αN
〉
,
where k ∈ Z. Clearly C(N,qm)k = C(N,q
m)
0 whenever k ≡ 0 (mod N). Then the Gaussian periods of
type (N, qm) are given by
η
(N,qm)
k =
∑
x∈C(N,qm)k
χqm(x).
The Gaussian sums are the discrete Fourier transforms of the Gaussian periods and hence the
two are related by the equation
η
(N,qm)
k =
1
N
N−1∑
j=0
∑
x∈F∗
qm
χqm
(
αkx
)
ψjN(x) =
1
N
N−1∑
j=0
ψjN (α
k)Gqm
(
ψjN
)
(3)
=
1
N
(
−1 +
N−1∑
j=1
ψjN (α
k)Gqm
(
ψjN
))
,
where ψN is a multiplicative character of Fqm with order N (see Equation (9) in [8]).
In their study of Hamming weights of irreducible cyclic codes, Ding and Yang [8] recently
obtained the following result regarding cyclotomic classes.
Lemma 2.1 (Lemma 5, [8]). Let N be a positive divisor qm − 1 and let k ∈ Z. We have the following
multiset equality:
{
ax : a ∈ F∗q , x ∈ C(N,q
m)
k
}
=
(q − 1) gcd (Q,N)
N
∗ C(gcd(Q,N),qm)k ,
where the right hand side denotes the multiset in which each element in the set C
(gcd(Q,N),qm)
k appears in
the multiset with multiplicity (q−1) gcd(Q,N)
N
.
A consequence to the above is the following.
Lemma 2.2. Let N | qm − 1 and let k ∈ Z. Then
q−2∑
i=0
η
(N,qm)
Qi+k =
(q − 1) gcd (Q,N)
N
η
(gcd(Q,N),qm)
k .
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Proof. By the definition of Gaussian periods and by Lemma 2.1,
q−2∑
i=0
η
(N,qm)
Qi+k =
q−2∑
i=0
∑
x∈C(N,qm)0
χqm
(
αQi+kx
)
=
q−2∑
i=0
∑
x∈C(N,qm)k
χqm
(
αQix
)
=
∑
a∈F∗q
∑
x∈C(N,qm)k
χqm (ax) =
(q − 1) gcd (Q,N)
N
∑
x∈C(gcd(Q,N),qm)k
χqm(x)
=
(q − 1) gcd (Q,N)
N
η
(gcd(Q,N),qm)
k .

Remark 2.3. It is known that η
(N,qm)
k ∈ Z whenever N | Q (see Theorem 13 (i) in [8]).
The following results about Gaussian periods are well known andmay be found for example
in [8]. We only give the 0-th Gaussian periods as these will be of greater interest to us in the
sections that follow. For the other cases we refer the interested reader to [8]. First it is easy to
show that η
(1,qm)
k = −1 for any k ∈ Z and hence ∆k(1) = −1.
Lemma 2.4. When N = 2, the 0-th Gaussian periods are given by the following:
η
(2,qm)
0 =
{−1+(−1)sm−1qm/2
2
if p ≡ 1 (mod 4);
−1+(−1)sm−1(
√−1)smqm/2
2
if p ≡ 3 (mod 4).
In the case whenN = 3we only give a particular instance although the results in other cases
are also known.
Lemma 2.5. Let N = 3, let sm ≡ 0 (mod 3), let p ≡ 1 (mod 3), and let c, d, be the unique (up to
sign) solutions to the equation 4psm/3 = c2 + 27d2 with c ≡ 1 (mod 3) and p ∤ c. Then
η
(3,qm)
0 =
−1 + cqm/3
3
.
The Gaussian periods in the so called semi-primitive case are known as well and are given in
the following lemma. See [8].
Lemma 2.6. Assume that N > 2 and there exists a positive integer j such that pj ≡ −1 (mod N) and
that j is the least such. Let r = p2jγ for some integer γ.
(a) If γ, p and (pj + 1)/N are all odd, then
η
(N,r)
0 = −
r1/2 + 1
N
.
(b) In all other cases,
η
(N,r)
0 =
(−1)γ+1(N − 1)r1/2 − 1
N
.
The following lemma will be useful as well.
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Lemma 2.7. Let q be a power of a prime p and let Q = (qm − 1)/(q − 1). Then
η
(Q,qm)
0 =
{
−1 if p ∤ m;
q − 1 otherwise.
Proof. By definition,
η
(Q,qm)
0 =
∑
x∈〈αQ〉
χqm(x) =
∑
x∈F∗q
χqm(x) =
∑
x∈F∗q
χq
(
TrFqm/Fq(x)
)
=
∑
x∈F∗q
χq(mx).
Now the result follows by (2). 
3. A FORMULA FOR Zq,m,N
In this section we derive, in terms of Gaussian periods, a formula for the number of N-
free elements with prescribed trace (see Lemma 3.4). Note that Cohen and Pres˘ern [6] already
did so in terms of Gaussian sums (see their Lemma 2.2). However by the means of Gaussian
periods we will be able to apply Ding-Yang lemmas (Lemma 2.1 and 2.2) thus obtaining, for
the case of the zero trace, the simplified version of Theorem 1.3 and the fact that Zq,m,N(0) =
Θ(K)Zq,m,gcd(Q,N)(0) already mentioned in the introduction. Recall that here K is the part of N
that is coprime to Q, and Θ(K) = φ(K)/K.
The following characteristic function for N-free elements, due to Vinogradov, is typically
used in works on the topic. See for instance [4, 5, 6, 7] and the references therein.
Proposition 3.1 (Vinogradov). Let N be a positive divisor of qm − 1 and let ξ ∈ F∗qm . Then
φ(N)
N
∑
d|N
µ(d)
φ(d)
∑
ord(ψ)=d
ψ (ξ) =
{
1 if ξ is N-free;
0 otherwise,
where in the inner sum ψ runs through all the multiplicative characters of Fqm with order d.
We will however consider the following apparently simpler form of the characteristic func-
tion.
Lemma 3.2. Let N be a positive divisor of qm − 1 and let ξ ∈ F∗qm . For each positive divisor d of N , fix
a multiplicative character ψd of Fqm with order d. Then
∑
d|N
µ(d)
d
d−1∑
j=0
ψjd (ξ) =
{
1 if ξ is N-free;
0 otherwise.
Proof. Let α be primitive in Fqm . Then ξ = α
k for some integer k. Note that
1
d
d−1∑
j=0
e2π
√−1jk/d =
{
1 if d | k;
0 otherwise.
Hence∑
d|N
µ(d)
d
d−1∑
j=0
ψjd
(
αk
)
=
∑
d|N
µ(d)
d
d−1∑
j=0
e2π
√−1jk/d =
∑
d|gcd(N,k)
µ(d) =
{
1 if gcd(N, k) = 1;
0 otherwise.
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
Recall that for a positive divisor N of qm − 1, an integer k, and c ∈ Fq, we denote
∆k(N) =
∑
d|N
µ(d)η
(d,qm)
k .
The following proposition highlights some of the basic properties of ∆k.
Proposition 3.3. Let N | qm − 1 and let k ∈ Z. Then we have the following three identities:
∆Nk(N) = ∆0(N);
N−1∑
i=0
∆i(N) = −φ(N); and
∆k(N) =
qm−1∑
i=1
gcd(N,i−k)=1
χqm
(
αi
)
.
Proof. The first identity follows from the fact that the sequence of periods of type (N, qm) has
period N , i.e., η
(N,qm)
k = η
(N,qm)
0 whenever k ≡ 0 (mod N). To prove the second identity, note
that for each positive divisor d of N ,
N−1∑
i=0
η
(d,qm)
i =
N
d
d−1∑
i=0
η
(d,qm)
i =
N
d
∑
x∈F∗
qm
χqm(x) = −N
d
.
Hence
N−1∑
i=0
∆i(N) =
∑
d|N
µ(d)
N−1∑
i=0
η
(d,qm)
i = −
∑
d|N
µ(d)
N
d
= −φ(N).
For the last identity, by (3) and Lemma 3.2, we have
∆k(N) =
∑
d|N
µ(d)η
(d,qm)
k =
∑
d|N
µ(d)
d
d−1∑
j=0
ψjd (α
k)Gqm
(
ψjd
)
=
∑
d|N
µ(d)
d
d−1∑
j=0
ψjd (α
k)
qm−1∑
i=1
χqm
(
αi
)
ψjd
(
αi
)
=
qm−1∑
i=1
χqm
(
αi
)∑
d|N
µ(d)
d
d−1∑
j=0
ψjd
(
αi−k
)
=
qm−1∑
i=1
gcd(N,i−k)=1
χqm
(
αi
)
.

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For the sake of brevity let us also fix the following notation for the remaining of the paper.
fk(N, c,∆) :=
q−2∑
i=0
χq (αQic)∆Qi+k(N).
Now we give the general formula for Zq,m,N(c).
Lemma 3.4. Let N be a positive divisor of qm − 1 and let c be an arbitrary element of Fq. Then
Zq,m,N(c) =
1
q
(
qm − 1
N
φ(N) + f0(N, c,∆)
)
.
Proof. By the orthogonality relation in (2) and by the transitivity of the trace function, note that
1
q
∑
a∈Fq
χq(ac)χqm
(
aαk
)
=
1
q
∑
a∈Fq
χq
(
a
(
TrFqm/Fq
(
αk
)− c)) =
{
1 if TrFqm/Fq(α
k) = c;
0 otherwise.
Thus if we multiply the characteristic function above with that of Lemma 3.2, and then sum
over all the elements in F∗qm , we get
Zq,m,N(c) =
1
q
∑
d|N
µ(d)
∑
a∈Fq
χq(ac)
1
d
d−1∑
j=0
qm−1∑
k=1
χqm
(
aαk
)
ψjd
(
αk
)
=
1
q

qm−1∑
k=1
∑
d|N
µ(d)
d
d−1∑
j=0
ψjd
(
αk
)
+
q−2∑
i=0
χq (αQic)
∑
d|N
µ(d)
1
d
d−1∑
j=0
∑
x∈F∗
qm
χqm
(
αQix
)
ψjd (x)


=
1
q

qm − 1
N
φ(N) +
q−2∑
i=0
χq (αQic)
∑
d|N
µ(d)η
(d,qm)
Qi


=
1
q
(
qm − 1
N
φ(N) + f0(N, c,∆)
)
.

4. THE CASE OF THE ZERO TRACE
In this section we consider the special case of the zero trace and prove some of the corre-
sponding assertions already mentioned in the introduction, and give some other related re-
sults. We start off in Subsection 4.1 by deriving Theorem 1.3 and giving some immediate con-
sequences. See Corolleries 1.4, 1.5, 1.6 and 1.7 in the introduction. Then in Subsection 4.2 we
prove Corollaries 1.8 and 1.10, and also prove the “semi-primitive” characterization in Propo-
sition 1.9.
4.1. Simplification of Zq,m,N(0) and direct consequences. First, in the case of the zero trace,
we apply Ding-Yang lemmas (Lemma 2.1 and 2.2) to simplify the expression for f(N, 0,∆).
ON THE NUMBER OF N -FREE ELEMENTS WITH PRESCRIBED TRACE 13
Lemma 4.1. Let N | qm − 1, k ∈ Z and KQ be the largest divisor of N that is coprime to Q. Then
fk(N, 0,∆) = (q − 1)φ(KQ)
KQ
∆k(gcd(Q,N)).
Proof. For a positive divisor d of qm − 1, let us denote, for the sake of brevity, g(d) = gcd(Q, d).
Now, by Lemma 2.2,
fk(N, 0,∆) =
∑
d|N
µ(d)
q−2∑
i=0
η
(d,qm)
Qi+k
= (q − 1)
∑
d|N
µ(d)
g(d)
d
η
(g(d),qm)
k .
Note Rad(N) = Rad(KQ) Rad(gcd (Q,N)) is the product of the two coprime numbers Rad(KQ)
and Rad(gcd (Q,N)). Then we can write any positive divisor d of Rad(N) uniquely as d = yz,
where y | Rad(KQ) and z | Rad(gcd (Q,N)). Moreover g(yz) = z for any such y, z. Hence
fk(N, 0,∆) = (q − 1)
∑
y|KQ
∑
z|gcd(Q,N)
µ(yz)
g(yz)
yz
η
(g(yz),qm)
k
= (q − 1)
∑
y|KQ
µ(y)
y
∑
z|gcd(Q,N)
µ(z)η
(z,qm)
k
= (q − 1)φ(KQ)
KQ
∆k(gcd (Q,N)).

Proof of Theorem 1.3. By Euler’s product formula for φ, and using the fact thatKQ is coprime
to gcd (Q,N) with Rad(N) = Rad(KQ) Rad(gcd (Q,N)), we have
φ(N)
N
=
∏
ℓ|N
(
1− 1
ℓ
)
=

∏
ℓ|KQ
(
1− 1
ℓ
)

 ∏
ℓ|gcd(Q,N)
(
1− 1
ℓ
)
=
φ(KQ)
KQ
φ(gcd (Q,N))
gcd (Q,N)
,
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where in the three products ℓ runs through all the distinct prime divisors ofN,KQ and gcd (Q,N),
respectively. Hence by Lemmas 3.4 and 4.1,
Zq,m,N(0) =
1
q
(
(qm − 1)φ(N)
N
+ (q − 1)φ(KQ)
KQ
∆0(gcd (Q,N))
)
=
φ(KQ)
qKQ
(
(qm − 1)φ(gcd (Q,N))
gcd (Q,N)
+ (q − 1)∆0(gcd (Q,N))
)
=
(q − 1)φ(KQ)
qKQ
(
Q
gcd (Q,N)
φ(gcd (Q,N)) + ∆0(gcd (Q,N))
)
.

In particular one obtains in Lemma 4.2 the number of primitives with zero trace. The second
equality (on the right) gives Lemma 2.1 in [6].
Lemma 4.2. Let D be the smallest positive divisor of q − 1 such that (q − 1)/D is coprime to Q. Then
the number of primitive elements ξ in Fqm with TrFqm/Fq(ξ) = 0 is given by
Zq,m,qm−1(0) = Dφ
(
q − 1
D
)
φ(Q) + ∆0(Q)
q
= Dφ
(
q − 1
D
)
Zq,m,Q(0)
q − 1 .
We now derive some other immediate consequences to Theorem 1.3.
Proof of Corollary 1.4. Follows directly from Theorem 1.3 and the fact that ∆0(1) = −1. 
Lemma 4.3. Let q be a power of a prime p and assume that Q = (qℓ − 1)/(q − 1) is prime for some
prime ℓ. Then
∆0(Q) =
{
0 if ℓ 6= p;
−q otherwise.
Proof. Since Q is prime, then∆0(Q) = −1−η(Q,q
ℓ)
0 . Now the result follows from Lemma 2.7. 
Proof of Corollary 1.5. Note that gcd(q − 1, Q) = 1 since otherwise Q | q − 1 contradicting
Q > q − 1 for ℓ ≥ 2. Now the result follows directly from Lemmas 4.3 and 4.2. 
Proof of Corollary 1.6. Follows directly from Theorem 1.3 and Lemma 2.4. 
Proof of Corollary 1.7. Note that since gcd(Q,N) = 3, then Q ≡ m ≡ 0 (mod 3). The result
now follows from Lemma 2.5 and Theorem 1.3. 
4.2. Proof of Corollaries 1.8 and 1.10. In this subsection we prove Corollaries 1.8 and 1.10
stated in the introduction, corresponding to the case of the zero trace. We employ the known
explicit formulas for the Gaussian periods in the semi-primitive case (see Lemma 2.6) to first
derive, in the following lemma, the value of the sum∆0(N) for N falling under the category of
Lemma 2.6. Then by Theorem 1.3 we get the result of Corollary 1.8. One of course can then nat-
urally consider whether this result applies to primitives, but unfortunately, as Proposition 1.9
shows, it only extends to primitives in quartic extensions of Mersenne prime fields. Mersenne
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primes also appear in the trivial case for which a formula is known. This is the case when all
the irreducibles are also the primitives, that is, when q = 2 and m = ℓ with 2ℓ − 1 being a
Mersenne prime. See the comments under Theorem 1.1 in the introduction.
Lemma 4.4. Let sm be even with m > 1, let q = ps be a power of a prime p, and suppose that n > 1
is not a power of 2 and satisfies n | qm − 1. Further assume there exists a positive integer j such that
pj ≡ −1 (mod ℓ) for every prime divisor ℓ ≥ 3 of n, and that j is the least such. Define γ = sm/2j
and let η
(2,qm)
0 be as in Lemma 2.4.
(a) If γ and p are odd, n is even and (pj + 1)/2 is odd, then
∆0(n) = −η(2,q
m)
0 −
(
1 + qm/2
)(1
2
+
φ (n)
n
)
.
(b) In all other cases,
∆0(n) = ǫ2 ·
(
(−1)γ+1qm/2 − 1
2
− η(2,qm)0
)
+
(−1)γqm/2 − 1
n
φ(n),
where
ǫ2 =
{
1 if n is even;
0 otherwise.
Proof. First note the assumption on n and j means that, for every positive 3 ≤ d | Rad(n), we
have that j is the least such that pj ≡ −1 (mod d).
(a) Consider any such d as above. If d is odd, then (pj + 1)/d is even and so η
(d,qm)
0 belongs to
case (b) of Lemma 2.6. Moreover since 2 has multiplicity 1 in the factorization of pj + 1, then
(pj + 1)/2d is odd if so is d; in this case η
(2d,qm)
0 belongs to case (a) in Lemma 2.6. Now let V2 be
the largest power of 2 dividing n. We then have
∑
3≤d|n
µ(d)η
(d,qm)
0 =
∑
3≤d|n
d odd
(
µ(d)η
(d,qm)
0 + µ(2d)η
(2d,qm)
0
)
=
∑
3≤d|n
d odd
µ(d)
(
η
(d,qm)
0 − η(2d,q
m)
0
)
=
∑
3≤d|n
d odd
µ(d)
(
(d− 1)qm/2 − 1
d
+
qm/2 + 1
2d
)
=
∑
3≤d|n
d odd
µ(d)
(
qm/2 − q
m/2 + 1
2d
)
=
1− qm/2
2
+
∑
d|n
d odd
µ(d)
(
qm/2 − q
m/2 + 1
2d
)
=
1− qm/2
2
+
∑
d|n/V2
µ(d)
(
qm/2 − q
m/2 + 1
2d
)
=
1− qm/2
2
− q
m/2 + 1
2
∑
d|n/V2
µ(d)
d
=
1− qm/2
2
− (1 + q
m/2)V2
2n
φ
(
n
V2
)
=
1− qm/2
2
− 1 + q
m/2
n
φ (n)
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since V2 is coprime to n/V2 and φ(V2) = V2/2. Then we have
∆0(n) = −1− η(2,q
m)
0 +
∑
3≤d|n
µ(d)η
(d,qm)
0 = −1− η(2,q
m)
0 +
1− qm/2
2
− 1 + q
m/2
n
φ (n) .
Hence the result follows.
(b) As before assume d | nwith d ≥ 3 and µ(d) 6= 0. We claim that η(d,qm)0 belongs to case (b) in
Lemma 2.6. Indeed, if p or γ is even, then η
(d,qm)
0 belongs to (b). If d is odd, necessarily (p
j+1)/d
is even unless p is even; hence (b). This also takes care of the case when n is odd. Finally if n is
even and 2 has multiplicity greater than 1 in the factorization of pj + 1, then (pj + 1)/2d is even
for any such d odd. The claim follows. Hence by Lemma 2.6 (b) we have∑
3≤d|n
µ(d)η
(d,r)
0 =
∑
3≤d|n
µ(d)
(
(−1)γ+1dqm/2 + (−1)γqm/2 − 1
d
)
= 1 + ǫ2 ·
(
(−1)γ+1qm/2 − 1
2
)
+
∑
d|n
µ(d)
(
(−1)γ+1qm/2 + (−1)
γqm/2 − 1
d
)
= 1 + ǫ2 ·
(
(−1)γ+1qm/2 − 1
2
)
+
∑
d|n
µ(d)
(
(−1)γqm/2 − 1
d
)
= 1 + ǫ2 ·
(
(−1)γ+1qm/2 − 1
2
)
+
(−1)γqm/2 − 1
n
∑
d|n
µ(d)
n
d
= 1 + ǫ2 ·
(
(−1)γ+1qm/2 − 1
2
)
+
(−1)γqm/2 − 1
n
φ(n).
Hence the result follows. 
Proof of Corollary 1.8. It follows directly from Lemma 4.4 and Theorem 1.3. 
In order to prove Proposition 1.9 we make use of Miha˘ilescu’s breakthrough result [15], also
known as Catalan’s conjecture. Although like Wiles’ Theorem (Fermat’s Last Theorem) it is
easily stated, it took 160 years for the conjecture to be finally solved, by Miha˘ilescu [15].
Theorem 4.5 (Miha˘ilescu (2004)). Let x, y, a, b ∈ N with a, b > 1. If xa − yb = 1, then x = b = 3
and y = a = 2.
For a positive integer k, we let v2(k) denote the multiplicity of 2 in the factorization of k. For
an integer b coprime to k, we let ordk(b) denote the multiplicative order of bmodulo k.
Proof of Proposition 1.9. Let q = ps be the power of a prime p, with s ≥ 1. The case when
m = 2 is clear as (q2 − 1)/(q − 1) = q + 1 and so we can let j = s. We may thus supposem > 2.
Now assume that the congruence is satisfied, i.e., that
pj ≡ −1 (mod Rad
(
psm − 1
ps − 1
)
)
holds.
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We claim that m is a power of 2. On the contrary, suppose the odd part, k, of m, satisfies
k > 1. Let t be the odd part of sk. Then t > 1 and (sk, t) = t ∤ s since k > 1 and k | t. Since t | sk,
we have (psk − 1, pt − 1) = pt − 1 > 1. Moreover d := Rad((psk−1
ps−1 , p
t − 1)) > 1 since otherwise
(pt− 1) | (ps− 1) contrary to t ∤ s. Because k > 1 is odd, then both psk−1
ps−1 and hence d are odd. In
particular d ≥ 3.
Note that pt ≡ 1 (mod d). Thus if a is the smallest positive integer such that pa ≡ 1 (mod d),
then a | t and hence a is odd. Now observe that pj ≡ −1 (mod d), since d | Rad(psk−1
ps−1 ) |
Rad(p
sm−1
ps−1 ). Thus p
2j ≡ 1 (mod d). It follows that a ∤ j but a | 2j. This however implies that a is
even, a contradiction. The claim follows. Hencem = 2n for some n ≥ 2 and
psm − 1
ps − 1 =
n−1∏
i=0
(
ps2
i
+ 1
)
.
Since n ≥ 2, we can let i ≥ 0 be arbitrary such that both ps2i + 1 and ps2i+1 + 1 divide
(ps2
n − 1)/(ps− 1). Suppose there exist square-free divisors di, di+1 ≥ 3 of ps2i +1 and ps2i+1 +1,
respectively. For the sake of brevity let ai := orddi(p) and ai+1 := orddi+1(p). Since p
j ≡ −1
(mod di), we have ai ∤ j but ai | 2j implying that v2(j) = v2(ai) − 1. Similarly since ps2i ≡ −1
(mod di), then ai ∤ s2
i but ai | 2(s2i). This implies that v2(ai) = v2(s) + i+ 1. It then follows that
v2(j) = v2(s)+ i. Working with di+1 and ai+1 now we similarly deduce that v2(j) = v2(s)+ i+1,
a contradiction. Necessarily at least one of ps2
i
+ 1, ps2
i+1
+ 1, is a power of 2. But note that, for
any positive integer b, we have pb + 1 = 2v if and only if pb = 2v − 1. In this case it is clear that
v > 1; then we can not have b > 1 since otherwise Theorem 4.5 is contradicted. In particular
p is a Mersenne prime. Moreover s2i = 1 or s2i+1 = 1. Of these two, only s2i = 1 is possible,
whence i = 0, s = 1, and q = p is a Mersenne prime. Because i ≥ 0was arbitrary such that both
ps2
i
+1 and ps2
i+1
+1 divide (ps2
n − 1)/(ps− 1), necessarily n = 2 is the only possibility, whence
m = 4 and (psm − 1)/(ps − 1) = (p+ 1)(p2 + 1).
Since p is a Mersenne prime, p+1 is a power of 2 and 2 | (p2 + 1) imply that Rad((p+ 1)(p2 +
1)) = Rad(p2 + 1). Thus it only remains to show that Rad(p2 + 1) | (pj + 1) if and only if j = 2k
for some odd k ≥ 1. Assume that Rad(p2+1) | (pj +1). First it is easy to check that p2+1 is not
a power of 2. Hence we can let d ≥ 3 with d | Rad(p2 + 1). Then p2 ≡ −1 (mod d) and p4 ≡ 1
(mod d) implies ordd(p) = 4. Since d | Rad(p2 + 1) | (pj + 1), then pj ≡ −1 (mod d) implying
4 ∤ j but 4 | 2j. This means that j = 2k for some odd k ≥ 1. Conversely let j = 2k for any odd
k ≥ 1. Note that p2k = (p2)k = [(p2 + 1)− 1]k. Then by the Binomial Theorem we have
p2k =
[(
p2 + 1
)− 1]k = k∑
i=0
(
k
i
)(
p2 + 1
)i
(−1)k−i = −1 +
k∑
i=1
(
k
i
)(
p2 + 1
)i
(−1)k−i.
Hence
p2k + 1 =
k∑
i=1
(
k
i
)(
p2 + 1
)i
(−1)k−i
and so (p2 + 1) | (p2k + 1). Consequently Rad(p2 + 1) | (p2k + 1). 
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Proof of Corollary 1.10 . By Proposition 1.9 we have that Q = (p4− 1)/(p− 1) = (p+1)(p2 +1)
satisfies pj ≡ −1 (mod Rad(Q)) with j = 2k for every odd k ≥ 1; in particular for j = 2. If
ℓ ≥ 3 is a prime divisor of Q, clearly ℓ ∤ p+1 (since p+1 is a power of 2). Then j = 2 is the least
such that pj ≡ −1 (mod ℓ). Corollary 1.8 then applies with s = 1, m = 4, N = p4 − 1, j = 2,
n = Q = (p + 1)(p2 + 1), and γ = 1. With the notation of Corollary 1.8, it is easy to show that
KQ = (p−1)/2. Since p, γ, are oddwhile n is even and 2 has multiplicity 1 in the factorization of
p2 + 1, then case (a) of Lemma 4.4 applies. In this case we get, using the fact that p ≡ 3 (mod 4)
together with Lemma 2.4,
∆0(p
2 + 1) = ∆0((p+ 1)(p
2 + 1)) = −1 + 1 + p
2
2
+
1− p2
2
− 1
p+ 1
φ
(
(p+ 1)(p2 + 1)
)
= − 1
p+ 1
φ((p+ 1)(p2 + 1)) = −φ(p2 + 1) = −φ
(
p2 + 1
2
)
.
It then follows from Lemma 4.2 that
Zp,4,p4−1(0) =
1
p
(
φ
(
p4 − 1)− 2φ(p− 1
2
)
φ
(
p2 + 1
2
))
.
It remains to note that
φ
(
p− 1
2
)
φ
(
p2 + 1
2
)
= φ
(
(p− 1)(p2 + 1)
4
)
=
1
2
φ
(
p4 − 1
p+ 1
)
since
gcd
(
p− 1
2
,
p2 + 1
2
)
= gcd
(
4,
(p− 1)(p2 + 1)
4
)
= 1
and p4 − 1 = (p− 1)(p+ 1)(p2 + 1). The result follows. 
5. UNIFORMITY IN THE CASE OF THE NON-ZERO TRACE
In this section we explore the concept of uniformity, already discussed in the introduction.
That is, the main concern here is as follows: what triples (q,m,N), withN | qm−1, are such that
Zq,m,N(c) is constant for every non-zero c ∈ F∗q? Accordingly, in this section we prove Theorem
1.11. As a consequence of this and of Corollary 1.8, Corollary 1.12 is straightforward. In partic-
ular, in the case of primitives, i.e., N = qm − 1, we give sufficient conditions for Zq,m,qm−1(c) to
behave uniformly for c ∈ F∗q . See Corollary 5.3 for this.
Lemma 5.1. Let N | qm − 1, c ∈ F∗q be arbitrary, KQ be the largest divisor of N that is coprime to Q.
Then
Zq,m,N(c 6= 0) = 1
q
(
qm − 1
N
φ(N) +KQ
qm−1
N
φ(N)− qZq,m,N(0)
(q − 1)φ(KQ) + f0(N, c,∆)− f0 (gcd (Q,N) , c,∆)
)
.
Proof. By Proposition 3.3 and using the fact that
∑
a∈F∗q χq(ac) = −1 for c 6= 0, we get
f0(gcd (Q,N) , c,∆) =
q−2∑
i=0
χq (αQic)∆Qi(gcd (Q,N)) =
q−2∑
i=0
χq (αQic)∆0(gcd (Q,N))
= −∆0(gcd (Q,N)).
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Hence
f0(N, c,∆) = −∆0(gcd (Q,N)) + f0(N, c,∆)− f0(gcd (Q,N) , c,∆).
By Theorem 1.3 we can write ∆0(gcd (Q,N)) in terms of Zq,m,N(0). Now the expression for
Zq,m,N(c 6= 0) follows from Lemma 3.4. 
Proof of Theorem 1.11. If every prime divisor of N divides Q, then Rad(N) = Rad(gcd (Q,N))
and KQ = 1. Now the result follows from Lemma 5.1 together with the fact that f0(d, c,∆) =
f0(Rad(d), c,∆) for every d | qm − 1. 
Lemma 5.2. Let b,m > 1. Then Rad(bm − 1) = Rad( bm−1
b−1 ) if and only if every prime factor of b − 1
dividesm.
Proof. First note that Rad(bm − 1) = Rad( bm−1
b−1 ) if and only if Rad(b− 1) | Rad( b
m−1
b−1 ). Now
bm − 1
b− 1 = 1 + b+ b
2 + · · ·+ bm−1
= (1− b) + (b− 1) + (b2 − 1) + · · ·+ (bm−1 − 1)
+ b+m− 1.
It follows that Rad(b− 1) | Rad( bm−1
b−1 ) if and only if Rad(b− 1) dividesm. 
As a consequence of Lemma 5.2, we obtain the following immediate result.
Corollary 5.3. Let q be a power of a prime andm ∈ N. If every prime factor of q−1 dividesm, then, for
every element c ∈ F∗q , the number, Zq,m,qm−1(c), of primitive elements ξ ∈ Fqm with TrFqm/Fq(ξ) = c, is
given by
Zq,m,qm−1(c 6= 0) = φ(q
m − 1)− Zq,m,qm−1(0)
q − 1 .
Some other consequences to Theorem 1.11 are the following.
Corollary 5.4. Let N | qm − 1 such that Rad(N) | Q and let Ft be any subfield of Fq. Then, for all
ct ∈ F∗t and cq ∈ F∗q , we have
Zt,m[Fq:Ft],N(ct) =
qm−1
N
φ(N)− Zt,m[Fq:Ft],N(0)
t− 1 =
q
t
Zq,m,N(cq).
Proof. Follows from Theorem 1.11 together with the fact that, since N | (qm − 1)/(q − 1) and
(qm − 1)/(q − 1) | (qm − 1)/(t− 1), then N | (qm − 1)/(t− 1). 
Proof of Corollary 1.13. The first equality follows directly from Theorem 1.3 and Theorem 1.11
together with the fact mentioned in the proof of Corollary 5.4. The second equality follows from
the first together with Corollary 5.4. Indeed,
qZq,m,N(0)− tZt,m[Fq:Ft],N(0) = q (∆0(N) + Zq,m,N(cq))− t
(
∆0(N) + Zt,m[Fq:Ft],N(0)
)
= (q − t)∆0(N) + qZq,m,N(cq)− tZt,m[Fq :Ft],N(0)
= (q − t)∆0(N).

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Corollary 5.5. Let N | qm − 1 such that Rad(N) | Q. Then Zt,m[Fq:Ft],N(0) is related to Zq,m,N(0) by
the equation
(q − 1)Zt,m[Fq:Ft],N(0) =
(
q − q
t
)
Zq,m,N(0) +
(q
t
− 1
) qm − 1
N
φ(N).
Proof. By Corollary 1.13 we have
Zt,m[Fq:Ft],N(0)− Zt,m[Fq:Ft],N(ct) = Zq,m,N(0)− Zq,m,N(cq).
Hence, by Corollary 5.4,
Zt,m[Fq:Ft],N(0) = Zq,m,N(0) +
(q
t
− 1
)
Zq,m,N(cq)
= Zq,m,N(0)) +
(q
t
− 1
)( qm−1
N
φ(N)− Zq,m,N(0)
q − 1
)
=
(
q − q
t
)
Zq,m,N(0) +
(
q
t
− 1) qm−1
N
φ(N)
q − 1 .

6. CONNECTION TO Pq,m,N(c)
In this section we briefly explore the seemingly related number, Pq,m,N(c), of elements in F
∗
qm
with order N and with prescribed trace c. We start off by deriving a formula for the number
of elements with order N in an arbitrary subset A of Fqm and apply this to obtain a formula for
Pq,m,N(c) (see Lemma 6.1).
Let LQ be the largest divisor of q
m − 1 with the same radical as that of Q. In the spe-
cial case of the zero trace and the case when LQ | N , we show in Lemma 6.3 the identity
Zq,m,N(0) =
qm−1
N
Pq,m,N(0). As a consequence of this and of Cohen’s result (see Theorem 1.2 in
the Introduction) we characterize the existence of elements of order N (with LQ | N) in F∗qm
with trace 0. Moreover from this and Corollary 1.10 we give in Corollary 6.5 the number of
elements of order 2(p + 1)(p2 + 1) with absolute trace zero in quartic extensions of Mersenne
prime fields Fp.
For a subset A ⊆ Fqm and a divisor N of qm − 1, denote with Mq,m,N(A) the number of non-
zero elements in A having multiplicative order N in F∗qm . In particular, Mq,m,qm−1(A) denotes
the number of primitive elements of Fqm that are contained in A.
Lemma 6.1. Let q be a prime power and m be a positive integer. Let A be a subset of Fqm and N be a
positive divisor of qm − 1. Then the number of elements in A that have multiplicative order N is given
by
Mq,m,N(A) =
1
qm − 1
∑
d|N
µ(d)
N
d
∣∣∣{x ∈ F∗qm : x (qm−1)N d ∈ A}∣∣∣ .
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In particular, for c ∈ Fq, the number of elements β ∈ F∗qm with order N and satisfying TrFqm/Fq(β) = c,
is given by
Pq,m,N(c) =
N
q(qm − 1)
∑
d|N
µ(d)
d
∑
a∈Fq
χq(ac)
∑
x∈F∗qm
χqm
(
ax
qm−1
N
d
)
=
1
q

φ(N) + q−2∑
i=0
χq (αQic)
∑
d|N
µ(d)η
(
qm−1
N
d,r
)
Qi

 .
Proof. If we define the arithmetic function f(n) :=
∑
d|nMq,m,d(A), then by theMo¨bius inversion
formula,
Mq,m,N(A) =
∑
d|N
µ(d)f(N/d) =
∑
d|N
µ(d)
∑
b|N/d
Mq,m,b(A).
Since f(N/d) represents the number of elements in A with orders that are divisors of N/d, and
each such element can be written uniquely as α
(qm−1)
N
di for 0 ≤ i < N/d, then∑
b|N/d
Mq,m,b(A) =
∣∣∣{0 ≤ i < N/d : α (qm−1)N di ∈ A}∣∣∣
=
N
d(qm − 1)
∣∣∣{x ∈ F∗qm : x (qm−1)N d ∈ A}∣∣∣ .
With regards to Pq,m,N(c), observe that if we let Ac := {x ∈ F∗qm : TrFqm/Fq(x) = c}, then
Pq,m,N(c) = Mq,m,N(Ac). Now it remains to obtain the expression for |{x ∈ F∗qm : x
qm−1
N
d ∈
Ac}| = |{x ∈ F∗qm : TrFqm/Fq(x
qm−1
N
d) = c}|, which can be done by applying (2). Indeed, by (2)
and by the transitivity of the trace function,∣∣∣{x ∈ F∗qm : TrFqm/Fq (x qm−1N d) = c}∣∣∣ = ∑
x∈F∗
qm
1
q
∑
a∈Fq
χq
(
a
(
TrFqm/Fq
(
x
qm−1
N
d
)
− c
))
=
1
q
∑
a∈Fq
χq(ac)
∑
x∈F∗
qm
χq
(
TrFqm/Fq
(
ax
qm−1
N
d
))
=
1
q
∑
a∈Fq
χq(ac)
∑
x∈F∗
qm
χqm
(
ax
qm−1
N
d
)
.
Hence the result follows. 
For k ∈ Z and N | qm − 1, we denote
Γk(N) =
∑
d|N
µ(d)η
(
qm−1
N
d,qm
)
k .
For β ∈ Fqm , letWH(N, β) denote the Hamming weight of the n-tuple, where n = (qm − 1)/N ,
given by
c(N, β) :=
(
TrFqm/Fq (β) ,TrFqm/Fq
(
βαN
)
, . . . ,TrFqm/Fq
(
βα(n−1)N
))
.
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For an integer t 6= 0, let ω(t) be the number of distinct prime divisors of t.
The following proposition gives some general identities relating Zq,m,N(c), Pq,m,N(c), through
the Mo¨bius inversion formula, as well as shows their connection to Hamming weights.
Proposition 6.2. Let q be a power of a prime,m be a positive integer, N | qm − 1 and k ∈ Z. Then the
following identities hold:
∑
d|Rad(N)
µ(d)∆k
(
Rad(N)
d
)
= (−1)ω(N)η(Rad(N),qm)k ;
∑
d|N
Γk(d) = η
(
qm−1
N
,qm
)
k ;
∑
d|Rad(N)
µ(d)∆k
(
Rad(N)
d
)
= (−1)ω(N)
∑
d|( qm−1Rad(N))
Γk(d);
(−1)ω(N)
∑
d|Rad(N)
µ(d)f0
(
Rad(N)
d
,∆, c
)
= q
∑
d|( qm−1Rad(N))
Pq,m,d(c)− q
m − 1
Rad(N)
;
f0(N,∆, c) = q
∑
d|N
µ(d)
∑
b|( qm−1d )
Pq,m,b(c)− q
m − 1
N
φ(N);
Zq,m,N(c) =
∑
d|N
µ(d)
∑
b|(qm−1d )
Pq,m,b(c);
Zq,m,N(0) =
qm − 1
N
φ(N)−
∑
d|N
µ(d)WH(d, 1).
Proof. To prove the first six identities we use the Mo¨bius inversion formula together with
Lemma 3.4 and Lemma 6.1. The last identity follows from the one before it. Indeed, noting
that
WH(d, 1) =
∑
c∈F∗q
∑
b|( qm−1d )
Pq,r,b(c),
we get
qm − 1
N
φ(N)− Zq,m,N(0) =
∑
c∈F∗q
Zq,m,N(c) =
∑
d|N
µ(d)
∑
c∈F∗q
∑
b|( qm−1d )
Pq,r,b(c)
=
∑
d|N
µ(d)WH(d, 1).

We can obtain a much simpler relation among Zq,m,N(0) and Pq,m,N(0) in the special case
when LQ | N .
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Lemma 6.3. LetD be the smallest positive divisor of q− 1 such that (q− 1)/D is coprime to Q, and let
N | qm − 1 such that DQ | N . Then Zq,m,N(0) is related to Pq,m,N(0) by the equation
Zq,m,N(0) =
qm − 1
N
Pq,m,N(0).
In particular we have the following relation:
Pq,m,qm−1(0) =
φ(qm − 1)
φ(DQ)
Pq,m,DQ(0).
Proof. First note that since N is a multiple ofDQ, then (qm − 1)/N divides (q− 1)/D and hence
is coprime to Q. Let K be the largest divisor of N that is coprime to Q. Then similarly as done
in the proof of Lemma 4.1, we have, by Lemma 2.2,
∑
d|N
µ(d)
q−2∑
i=0
η
(
qm−1
N
d,qm
)
Qi =
∑
b|K
∑
d|gcd(Q,N)
µ(bd)
q−2∑
i=0
η
(
qm−1
N
bd,qm
)
Qi =
∑
b|K
µ(b)
∑
d|gcd(Q,N)
µ(d)
(q − 1)d
qm−1
N
bd
η
(d,qm)
0
=
N
Q
∑
b|K
µ(b)
b
∆0(gcd (Q,N)) =
Nφ(K)
QK
∆0(gcd (Q,N)).
Then by Lemma 6.1 and using the fact that
φ(N)
N
=
φ(K)
K
φ(gcd (Q,N))
gcd (Q,N)
, we get
Pq,m,N(0) =
N
qQ
(
Q
φ(N)
N
+
φ(K)
K
∆0(gcd (Q,N))
)
=
Nφ(K)
qQK
(
Q
gcd (Q,N)
φ(gcd (Q,N)) + ∆0(gcd (Q,N))
)
.
Now the first identity follows from Theorem 1.3.
For the second, Lemma 4.2 and the first identity gives
(q − 1)/D
φ((q − 1)/D)Pq,m,qm−1(0) = Zq,m,Q(0) = Zq,m,DQ(0) =
q − 1
D
Pq,m,DQ(0).
Hence we obtain
Pq,m,qm−1(0) = φ
(
q − 1
D
)
Pq,m,DQ(0).
Now the result follows by noticing that, since DQ is coprime to (q − 1)/D, then
φ(qm − 1) = φ
(
DQ
q − 1
D
)
= φ(DQ)φ
(
q − 1
D
)
.

Note that LQ := DQ is the largest divisor of q
m − 1 with the same radical as that of Q.
Moreover whenever Pq,m,qm−1(0) 6= 0, the ratio, of the number of primitive elements with zero
trace, to the number of elements of order LQ with trace zero, is the same as that of the number
of primitive elements to the number of elements of order LQ.
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As a consequence of Theorem 1.2 and Lemma 6.3 we obtain the following existence result.
For this we will need the fact that for any N | (qm− 1) and any d | N , the set of N-free elements
is a subset of the set of d-free elements in Fqm .
Theorem 6.4. Let m > 1 and N | qm − 1 such that LQ | N , where LQ is the largest divisor of qm − 1
with the same radical as that of Q = (qm− 1)/(q− 1). Then there exists an element ξ ∈ F∗qm of orderN
satisfying TrFqm/Fq(ξ) = 0 if and only ifm 6= 2 and (q,m) 6= (4, 3).
Proof. First by Lemma 4.2 there exists a primitive element with trace 0 if and only if there
exists a Q-free element with trace 0. By Theorem 1.2 this happens if and only if m 6= 2 and
(q,m) 6= (4, 3). Since a (qm − 1)-free (primitive) element is also d-free for any divisor d of
qm − 1, if follows that Zq,m,N(0) > 0 if m 6= 2 and (q,m) 6= (4, 3); by Lemma 6.3 we also have
Pq,m,N(0) > 0. On the other hand, if m = 2 or (q,m) = (4, 3), suppose on the contrary that
Pq,m,N(0) > 0. Then by Lemma 6.3 we have Zq,m,N(0) > 0. Since Q | N , then Zq,m,Q(0) > 0,
contradicting the fact that Zq,m,Q(0) = 0 whenm = 2 or (q,m) = (4, 3). 
We apply Lemma 6.3 together with Corollary 1.10 to obtain the following consequence.
Theorem 6.5. Let p be a Mersenne prime and let Q = (p4 − 1)/(p − 1) = (p + 1)(p2 + 1). Then the
number of non-zero elements in F∗p4 with order 2Q and absolute trace zero is φ(2Q)/(p+1) = 2φ(p
2+1).
Proof. In this case Q = (p+ 1)(p2 + 1) and so the only prime diving both p− 1 and Q is 2. Since
2 has multiplicity 1 in the factorization of p− 1, it follows that D = 2, where D is as defined in
Lemma 6.3. Then by Lemma 6.3 and Corollary 1.10 we get
Pq,m,2Q(0) =
φ(2Q)
(
φ(p4 − 1)− φ
(
p4−1
p+1
))
pφ(p4 − 1)
=
φ(2Q)
p
−
φ(2Q)φ
(
p4−1
p+1
)
pφ(p4 − 1) .
By Euler’s product formula for φ and using the fact that 2 | p − 1 while p + 1 is a power of 2,
note that
(p+ 1)φ
(
(p− 1)(p2 + 1)) = (p+ 1)(p− 1)(p2 + 1) ∏
l|(p−1)(p2+1)
(
1− 1
l
)
= (p+ 1)(p− 1)(p2 + 1)
∏
l|(p+1)(p−1)(p2+1)
(
1− 1
l
)
= φ(p4 − 1).
Now from the fact that (p4 − 1)/(p+ 1) = (p− 1)(p2 + 1), the above yields
Pq,m,2Q(0) =
φ(2Q)
p
− φ(2Q)
p(p+ 1)
=
φ(2Q)
p + 1
.
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Remains to note that, since p is a Mersenne prime,
φ(2Q)
p+ 1
= 2(p2 + 1)
∏
l|p2+1
(
1− 1
l
)
= 2φ(p2 + 1).

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APPENDIX A.
The following table gives the numbers of primitive elements in the quartic extensions of
Mersenne prime fields having absolute trace zero, for the first ten Mersenne primes. See Corol-
lary 1.10 for an explicit formula. SAGE software was used for the computations.
TABLE 1. The number of primitive elements of Fp4 with absolute zero trace for
the first ten Mersenne primes p
Mersenne prime, p Zp,4,p4−1(0)
22 − 1 8
23 − 1 80
25 − 1 6, 912
27 − 1 464, 256
213 − 1 111, 974, 400, 000
217 − 1 519, 390, 596, 431, 872
219 − 1 30, 572, 599, 504, 748, 544
231 − 1 1, 968, 482, 608, 781, 191, 263, 129, 600, 000
261 − 1 2, 159, 465, 982, 279, 294, 537, 199, 679, 191,
374, 585, 254, 935, 265, 280, 000, 000, 000
289 − 1 51, 505, 739, 520, 752, 637, 174, 787, 391, 794, 396, 705, 748, 179,
291, 647, 742, 969, 497, 437, 393, 928, 825, 245, 616, 046, 080
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